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Abstract 

Let y be a vertex operator algebra and G a finite automorphism group of V. 
For each g (z G and nonnegative rational number n G '^/\g\, a 5-twisted Zhu algebra 
plays an important role in the theory of vertex operator algebras, but the 
given product in Ag^niV) depends on the eigenspaces of g. We show that there is 
a uniform definition of products on V and we introduce a G-twisted Zhu algebra 
AG,n{y) which covers all 5-twisted Zhu algebras. 

Let y be simple and let S be a finite set of inequivalent irreducible twisted 
y-modules which is closed under the action of G. There is a hnite dimensional 
semisimple associative algebra Aa{G,S) for a suitable 2 -cocycle naturally deter¬ 
mined by the G-action on S. We show that a duality theorem of Schur-Weyl type 
holds for the actions of ^.^(G, S) and on the direct sum of twisted y-modules in 
S as an application of the theory of Ac^niy)- It follows as a natural consequence of 
the result that for any g & G every irreducible ^f-twisted y-module is a completely 
reducible y^-module. 


1 Introduction 


Let y be a vertex operator algebra (cf. |ll|],[@],0) and G a finite antomorphism gronp of 
V order T. For an investigation of U-modnles, a Zhn algebra AiV) = V/OiV) (or its 
extension An{V) = V/OniV)), which was introdnced in and plays an important 
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role. For a ^f-twisted Id-module, a ^f-twisted Zhu algebra Ag^niV) = V/Og^niV) was 
introduced in [Q and plays a similar role, where nonnegative n G Z/T. However, the 
dehnition of product u*g^nV in Ag^niV) depends on the choice of eigenspaces of g containing 
u. Namely, for g G G, V decomposes into the direct sum of eigenspaces V = 
where is the eigenspace of g with eigenvalue . If u G then 


^g,n V — 


-EM) 


m=0 


^ jRes.H(n,^)n - 


(mod Og^riiV)) 


and if M G 1/*'®’^^ (r 7 ^ 0), then u *g^n v = 0 (mod Og,n(R)), where n = I + i/T with 
0 < i < T — 1 and I G Z>o. One of the purposes in this paper is to show that for u,v G V, 
there is a unihed form *n of products which does only depend on the weights of u and v 
such that 


u*nV = u*g^nV (mod „(!/)) 

for any g E G. Using this product, a natural map 

(pn '■ y ^ ©geG^g,n(U) 

given by 0 „(m) = («,«,••• ,u) becomes an algebra homomorphism: 

(^ ^9,^1- ^ ^g,niy^^gGG- 

Set Ac^niy) = U/ Ag^G OgyV). We will call (^^^^(U), *„) a G-twisted Zhu algebra. We 
will show that if V is simple, then Ag^V) ~ ©c,eG^g,n(U) as algebras. 

We will apply the theory of ^G,n(U) to a problem of the representation theory of . 
One of the important problems in the orbifold conformal held theory is to determine the 
U^-modules. In particular, it is one of the main conjectures that if V is rational, then 
is rational, that is, every U‘^-module is completely reducible (cf. pj). For a simple VOA 
U, it is shown in that every irreducible U-module is a completely reducible U'^-module 
as a natural consequence of a duality theorem of Schur-Weyl type. Another important 
category is a twisted module (cf. 0). Namely, for any g E G, any ^f-twisted module is 
also a U*^-module. The same results as those in the untwisted case are shown in for 
irreducible ^f-twisted U-modules when g is in the center of G. 

In this paper we extend their results to any g E G and any irreducible ^f-twisted V- 
module. Let’s state our results more explicitly. There is a natural right G-action on the 
set of all inequivalent irreducible twisted U-modules. Let 5 be a hnite set of inequivalent 
irreducible twisted U-modules which is closed under the action of G. We dehne a hnite 
dimensional semisimple associative algebra Aa{G,S) over C associated to G, S and a 
suitable 2-cocycle a naturally determined by the G-action on S. The algebra ^q,(G, 5) 
is constructed in more general setting in and is called a generalized twisted double. 
We show a duality theorem of Schur-Weyl type for the actions of and ^^(G, 5) on 
the direct sum of twisted U-modules in S which is denoted by Ai. That is, each simple 
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^ 0 ( 6 *, 5) occurs in A4 and its multiplicity space is an irreducible K'^-module. Moreover, 
the different multiplicity spaces are inequivalent Id^-modules. It follows as a natural 
consequence of the result that for any g E G every irreducible ^f-twisted Id-module is a 
completely reducible Id'^-module. The theory of Ac^niV) allows us to reduce an infinite 
dimensional problem to a finite dimensional one. 

This paper is organized as follows. In Section 2, we first review the Zhu algebras of 
a vertex operator algebra. We introduce {AG^n{V),*n) and study their properties. In 
Section 3, we define a finite dimensional semisimple associative algebra Aa{G,S) over C 
and show a duality theorem of Schur-Weyl type as an application of the theory of Ac^niy). 
In Section 4, we compute the determinant of a matrix used in Section 2. 


2 Existence of unified form of product and G-twisted 
Zhu algebras 


We fix some notation which will be in force throughout the paper. Id is a vertex operator 
algebra and G is a finite automorphism group of Id of order T. For g E G, set Id^S’^) = 
{u E V\ gu = for 0 < r < T — 1. For u E V we denote by the 

r-th component of u in the decomposition Id = that is, u = J2r=o 

u(9,r) ^ Y(g,r) (0 < r < T - 1). 

In this section, our main purpose is to show that there is a unified product form 
M which depends only on the weights of u and v. We introduce an associative algebra 
(AcyV), *n) of Id associated to G and nonnegative n E Z/T and study their properties. 

We first recall the Zhu algebra Ag^V) of Id associated with g E G and nonnegative 
n E "LjT introduced in 0. This algebra was first introduced in for the case when g is 
the identity element and n = 0. Fix nonnegative n = I + i/T e'L/T with I a nonnegative 
integer and 0 < z < T — 1. 

For 0<r<T — Iwe define 5i{r) = 1 ii i > r and 5i{r) = 0 if z < r. We also set 
5i{T) = 1. Let g E G. Let Og^V) be the linear span of all u „ v and (L(—1) -1- L(0))n 
where for homogeneous u E V and v E V, u Og ^ v denotes 


T-l 


^Res,y(zz(^’"G)z; 


r=0 


_j_ ^^wt(ii)-l+<5i(r)+i+r/T 
^2i+(5i(r)+(5i(T-r) 


Define the linear space Ag^V) to be the quotient V/OgyV). We also define a second 
product *g^n on Id for homogeneous u E V and n G Id by 


U *g,n V — 


^ + ..Z («,0) ^ {l + zyG)+l 

^ \Res,Yy^’\z)v 


EM) 

m=0 

f wt(zz) -h ^_(g,o) 


A:=0 j=0 


k-j 


'^-21-l+k'^- 
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Extend this linearly to obtain a bilinear prodnct on V. Note that if i = j -h kT/\g\ where 
0 < j < T/\g\ — 1 and 0 < k < \g\ — 1, then Ag^niV) = Ag^kT/\g\iV). We recall the 
following properties of Og^niV) and Ag^niV). 

Lemma 1 (|p, Lemma 2.1, Lemma 2.2, Theorem 2.4, and Proposition 2.5) 

( 1 ) c Og,n{V). 


(2) For homogeneous u E V, v ^ V and integers 0 < k < m, 

_j_ ^'^wt{u}—l+5i(r)+l+r/T+k 


T-1 




r=0 


^2l+Si{r)-\-Si{T-r)-\-m 


e Og,r^{V). 


(3) {Ag^n{y),*g^n) is an associative algebra with the identity element. 


(4) The identity map on V induces an onto algebra homomorphism from Ag^niV) to 

^g,n-l/r(E). 

Set Ac^niy) = V/ riggG Og^niy)- We state our main result in this section. 

Theorem 1 (1) For u,v E V, there exists a unified product u*nV for Ag^V) for any 

g E G. That is, 

u*riV = u*g^riV (mod Og,„(!/)) 

for any g E G. In particular, {AcyV),*n) is an associative algebra. Moreover, if 
V is simple, then the injective map ipn ■ ^G,n(E) —*• ©ggG^c/,n(E) defined by ipn{u + 
Ag^cOgyV)) = y^g^ciu + OgyV)) for u E V is an onto algebra homomorphism. 
That is, Ag^V) ~ ©geG^g,n(l^) as algebras. 


(2) The identity map on V induces an onto algebra homomorphism from Ac^ny) to 
y,n-i/Ty)- 

Remark. We will construct as a linear combination of {ujV \ j Eh] in the proof of 
Theorem |^: u*nV = where jj E C {j E h) are all zero except hnite numbers. 

Then the set {'Jj}j£z depends only on n and the weights of u and v. 

We will call Ac^ny) a G-twisted Zhu algebra. We need some lemmas in order to 
show Theorem |I|. Let u,v E V and fix M E h with M > wt(M) + wt(n) — 1 in the next 
three lemmas. Note that = 0 for all G G, 0 < r < T — 1, and j > M. Set 

Qr = wt(M) — 1 + 5i{r) + I + r/T for 0 < r < T — 1. 


Lemma 2 For q Eh with —21 — 1 > q and m = 1, 2,..., we have 


Uq—mV 


for any g E G. 


Qo —1 k 

EZ 

k=0 j=0 

T—1 M—q k 

r=l k=0 j=0 


Qo\ ( ~Qo 

^k + m - 

Q‘f'\ f Q 


j J yk + m — j J 


J J\k + n,-jyF 


(mod OgyV)), 
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Proof. Let g E G. We may assume that u is homogeneous and u G for r G 

{0,... , T — 1}. Since 2 > Si{r) — 6i{T — r), we have 


OgAV) 


3 


Res^F {u,z)v 


(1 + z)^’^ 

^ 2 / 2 -|-?Ti 



2 /— 2 — 


for any nonnegative integer m from Lemma (2). Let g G Z with q < —21 — 1. Since 
q < —21 — 1, we have 


j=0 

m—1 

= E 

j=0 


j 

Qr 

3 






k=0 


Qr 

m + k 


Uq-l^kV 


for any positive integer m. Namely, we have 

Uq-lV = 
Uq-2V + {^^)Uq-iV = 

Uq-3V + {^{)Uq-2V + {^f)Uq-iV = 


-{^{)UqV - {%^)Uq+lV -, 

-H^)UqV- l^Auq+lV -, 

-{%^)UqV- {j)Uq+lV -, 


( 2 . 1 ) 


module Og,n(R)- Solving these congruent equations, Uq^rnP is congruent to a linear 
combination of {ugU, Ug+iU,... ,umv} modulo Og^niY) for any positive integer m. If 
r = 0, then Qr = wt(M) + / G Z>o and so Uq-mV is congruent to a linear combination of 

{UqV., ■Uq-i-i'y, . . . , Uq3-Q^ — iV}. 

Replacing UjV by , we will investigate the coefficients by viewing the above equations 
as a Lorentz series. Set 

= Eft)""' 

j=o ^ ^ 

We note that if ^ C[x~Y~‘^^~‘^fr{x), then ^ Oc/,n(R) and fr{x) 

depends only on = wt(M), r and n = I + i/T. Set 0^{N : x) = C[x~Y~‘^’'~‘^fr{.x) C 
C[a:-i][[a:]]. 

Let m be a positive integer. In order to express Uq-mV by a linear combination of 
{uqV,Uq+iv,... ,umv} modulo Og,n(R), we hrst write 1/fr{x) as a sum 

"7“7 t ifrix) )<m R {frix) )>rm 

Jr{X) 

where {fr{x)~^)^rn is the part whose terms have degree less than m and (/r(a^)~^)>m is 
the part whose terms have degree greater than or equal to m. In particular, we have 
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{fr{x) ^)>m e x^C[[x\]. Since ^fr{x)){fr{x) ^)<m/x^ ^ = 0 (mod 0’’(iV : x)), we 
obtain 


X' 


q—m — 


Hence we have 


n—m 0-1 £ t \ {fr{x) )<m 

X^ — X^ frix) -;- 

•'' ' ' 

a;?-™ _ a; 9 -l f ^ ~ {fr{x) ^)>m 

' T,m— 1 


= x^-^fr{x){Mx)-^)>^ 



X- 


t(5: 

k=m 


k 


(.nod O^liV : .)), 


CXD k 


'^q—mV 





I jJb + .n-d 


M—q k 




Qr 

h m ■ 
Qr 


E5:(7)(,+,r_,i“««‘' (modo,„(i/)). 

fc=0 j=0 \ J / \ ^ J' 


□ 


Lemma 3 For r G {0,... , T — 1} and p E Z, there exists v,n) E V such that 

F^’^{u,v,n) = u^p^’'^^v {mod Og^n{V)) (2.3) 


for any g E G. 

Proof. We may assume p < M. Define a set 


.s= < 

[(«.*:) 

s = 

k = 

o O 

... ,T-1 
• , Qo — 1 

for s = 0 

and 1 


[ 

k = 

0 ,.. 

. ,M-q 

for s = 1,. 

..,T-1 J 


Let q = min{p, —21 — 1} and set 


F^'P{u,v,n) = { 


\s\ 

UpV ^ ^ ^q—mUq—mX 
m=l 

\S\ 


m=l 


q—m^q—mV 


if r = 0, 


if 1 < r < T - 1, 
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I S'! 

where Xq-m G C (m = 1, 2,... ,\S\). We show that it is possible to choose a set {Ag_m}mLi 
which depends only on wt(M),wt(n) and n such that the the assertion holds. For g E G, 
we have 


|S| 


m=l 

|S| 


q—m'^q—mV 


Qo —1 k 


Qo' 





Xq-my Y Y 

m=l k=0 j=0 

T-lM-q k 

+EEE 

s=l k=0 j=0 
Qo — 1 1‘S'I k 

EEv».E 

k=0 m=l j=0 

T-lM-q |5| 

^YYY Y 

s=l fc=0 ra=l j=0 


—Qo 


j J \k + m — j 


(g,0) 

%+kV 


-Qs 
j ) \k + m — j 


{g,s) 


^Qo^ 
j J \k + m — j 

k 


Qo 

m - 

Qs\ [ -Q 


(g,0) 



j J \k + m — j 


{g,s) 


(mod Og^niV)) 


from Lemma Comparing both sides of formula (|2.3|) , we have [S'! linear equations: 


• In the case 1 < r < T — 1, 

y^lS'l \ (Qb\( -Qs \ 

Z^m=l '^g-m z^j=0 \ j ) \k+m-j) 

• In the case r = 0, 


1 if s = r and q + k = p, 
0 otherwise. 


(2.4) 


Y'ISI > I'O-'l I" -0- 1 - / ^ it s ^ 0 and ? + 4 = p, 

Z^m=i g-m 2^j=o \ j ) \k+m-j) | Q otherwise. 

Here (s, k) ranges over S. We denote Yl'j=o ik+m-j) k) E S and a 

positive integer m. We set a [S'! x |S'|-matrix 


0,0 

0,Qo-l 

(y.-^ * * 

* (y.-^ 

0,0 

. O-Qo-l 


All = 


0,0 

^0,Qo-l 

“isl 

“|S| 


1,0 

T—1,M—p " 

1 

• • • 

1,0 

T—1,M—p 

2 ■ ■ ■ 

• • • 

1,0 

T—1,M—p 

|S| 

“|S| 


It is sufficient to show that the matrix Ai is non-singular in order to prove the equations 
(p.3|) have a solution 

We set a [S'! X |S'|-matrix 



1 

0 0 

(-Qo\ 

V Qo > 

( -Qo \ 
VQo+1^ 

r?‘) 

(-?■) 

/-Qt-i'i - 
\M-q+lJ 
( -Qt- 1 'i 
\M-q+2j 

A 2 — 


t-Qot 

L 1 |s| 1 

( -Qo t 
VQo+|5|-H 

- 

( -Qt-1 t 
\M-q+\S\J J 
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Then det Ai = det A 2 because 


\^m ’• • • 5 '^m ) 


-Q. 


m 


-Qs 


’ \m + 1/ ’ ’ \m + M — q 


-Qs 


1 (t) (t) 
0 1 


0 


0 


\M-q) 


(%■) 

( 0 .) 

1 


for 1 < s < T — 1 and a similar formula for s = 0. So it sufficients to show that the 
matrix A 2 is non-singular. The following computation is used in a transformation of A 2 . 
For (s, k) G S', we obtain 


00 m —1 

ZE 

m=l ji=0 


Qo A / 

m — 1 — j) \k + 1 + j) 


\ / -Qs V™+i 
^ \m — j) \ k + 1 + j) 


m=0 j=0 
00 m 

EE 

m=0 j=0 


j) \k + l+j)' 

Qo\ f —Qs 

.j )\k + m + l-j 


X 


m+1 


= X ^(1 -f -f x) ^“ — '^2 

j=0 

Qo k 


-Q. 


x-' 


= X 


-k 


t 


E 

m=0 

00 

E 

m=l 


{i+xf° -J2Y1 

t=0 j=0 

Qo+k k 

-EE 

m=0 j=0 
Qo k 


Qo\ ( Qs\^t+j-k 


Q^ Qs ^^m-k 
m 


J 


Qo \ f Qs 

j 


Qo Qs \^rn -EE 

m=l j=0 


m + k 


m — J 


Qo 


k + m-jj\ j 


-Q 





So we have 



and for 1 < s < T — 1, 


1 0 






( 

■ ( ) 1 


V 1 ) 

V 2 / 

\M-p+l/ 


(-Qs\ 

f-<3A . 

■ ( ■‘3. t 


1 2 ) 

V 3 j 

\M-p+2j 


(-Qs\ 

f -<3A . . 

■ ( ) 


L 1 |si J 

\\S\+l) 

\m-p+\s\J J 


where ym,k 


yio 

yii 

yi,M-p 

VQofi 

l/Qojl 

yQo,M-p 

'Qq—Qs\ 

/yo-ys'\ 

/ Qo-Qs 

' Qo+1 / 

I Qo+2 / 

\Qo+M^+l. 

'Qo-Qs\ 

(Qo-Qs\ 

f Qo-Qs 

' Qo+2 / 

V Qo+3 / 

vQo+Vf—p-t-2. 

'Qo-Qb\ 

( Qo—Qs) 

( Qo-Qb \ 

- |S| ) 

V |s|+i J 

\M-p+\S\J 


denotes -Ej=o (m-S-j) ( T) for 1 < m < Qo and 0 < /c < M-p. We 


hence have det A 2 = [—l)QAQo+i )/2 where is the following (|S'|—Qo) x (|>S'|—Qo)- 

matrix; 


Qo-Qi\ 

( Qo-Qi 

(Qo-Q2\ 

( Qo-Qt-1 • 


Qo+l / 

\Qo+M^+l> 

( Qo-Qi t 


VQo+M-p+1/ 

( Qo-Qt-1 ') 


Qo-Qi'\ 

(Qo-Q2\ 


Qq-\-2 ) 

\Qo-\-M—p-\-2} 

V Qo~^2 ) 

\Qo~^^ ~P~^2/ 

(2.7) 

Qq-Qi\ 

f Qo-Qi \ 

(Qq-Q2\ 

(Qo-Qt-i\ 


|S| I 

\M-p+\S\J 

1 |S| j 

\M-p+\S\J - 



It is proved in Appendix that A 3 is non-singular. □ 
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Lemma 4 Let V be simple and let g,h ^ G with g ^ h. Then Og^niV) + Oh,n(y) = V. 

Proof. For g,h & G with g ^ h, there are k,r G { 0 , ... ,T — 1} with k ^ r and v ^ V 
such that 0 7 ^ n G and 7 ^ 0 . For any u eV and p E Z, consider F~''’P(u,v,n) 

in Lemma Then 

F-^'P{u, V, n) = = 0 (mod Og,n{V)) 

from Lemma ^ (1) because u^f’ E and k — r ^ 0 (mod T). We also have 

F-^'P{u,v,n) = 

= (mod 0 ;,,„(L)). 

We hence have E Og,n(h^) + Oh,n(l^) for any u E V and p E Z. Since 7 ^ 0 

and V is simple, V = SpanjupU*^^’'’) \ u E V,p E Z} from Proposition 4.1 in p. So 
Og,n{V) + OhAV) = y holds. □ 

Now we start to prove Theorem |^. Let u,v E V and £x M G Z with M > wt{u) + 
wt(n) — 1. Dehne 


u*„ V = 


M+21+1 k 

Z E( 

j=o 


■ 1 ) 


i-j 


k =0 


21-j 

i 


wt(M) + / 

k-j 


F-2i-i+k,o^^^v,n). 


We have u *nV = u *g^n v (mod Og,n(fo)) for any g E G from Lemma |^. If V is simple, 
then we have Ac^niV) — ®geG^g,n(y) algebras using the Chinese remainder theorem 
and Lemma ^ So (1) holds. (2) is clear from (1) and Lemma B n 


3 A duality theorem of Schur-Weyl type 

We always assume that V is simple throughout this section. A hnite dimensional semisim¬ 
ple associative algebra Aa{G, S) over C associated to G, a hnite right G-set S and a suit¬ 
able 2 -cocycle a is constructed in [ 0 . ^^(G, 5) is called the generalized twisted double 
there. In this section we hrst review its construction in the case that 5 is a hnite G-stable 
set of inequivalent irreducible twisted L-modules and a 2 -cocycle a naturally determined 
by the G-action on S. We will show a duality theorem of Schur-Weyl type for the actions 
of and ^q,(G, 5) on Ad = ®{g,M)esM. That is, each simple AIq,(G, 5) occurs in Ad 
and its multiplicity space is an irreducible L'^-module. Moreover, the diherent multiplic¬ 
ity spaces are inequivalent L'^-modules. It follows from this result that for any g E G 
every irreducible ^f-twisted module is a completely reducible L'^-module. These results 
are already shown in the case 5 ^ = 1 in []^ and in the case where g is in the center of G in 

0 . 
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Let Tg be the set of all inequivalent irreducible gf-twisted Id-modules for G G and set 
T = {{g,M) I 5 ^ G G, M G Tg}. There is a natural right G-action on T. Namely, for an 
irreducible gf-twisted Id-module {M,Ym) and a G G, we dehne 

(M, Ym) ■ a = (M ■ a, Ym-o)- 

Here M ■ a = M as a vector space and Ym-g^u, z) is defined by 

YM-aiu, z) = YM{au, z) for -u G H. 

Note that M-a is an irreducible a“^ 5 fa-twisted Id-module. We set (gf, M)-a = (a“^ 5 fa, M-a) 
for all {g, M) G T. 

A subset 5 C T is called stable if for any {g, M) G S and a E G there exists 
{a~^ga, N) E S such that M o a ~ iV as a“^ 5 fa-twisted Id-modules. 

We assume that 5 is a hnite G-stable subset of T until the end of this section. Let 
{g, M) E S and a E G. Then there exists {aga~^, N) E S such that iV-a ~ M as gf-twisted 
Id-modules. That is, there is an isomorphism {g, M)) : M ^ N of vector spaces such 
that 


0(a, {g, M))Y(^g^M){u, z) = Y(aga-\N)(au, z)</)(a, (g, M)) 
for all u E V. By the simplicity of M, there exists a(^g^M){ci, b) E C such that 
4>{a, {bgb~\M ■ b~^))4>{b, {g, M)) = a(^g^M){a, b)4>{ab, {g, M)). 

Moreover, for a,b,c E G and {g, M) E S we have 

Dehne a vector space CS = 0^^ M)e 5 with a basis e{g, M) for {g, M) E S. The 

space CiS is an associative algebra under the product e{g, M)e{h, N) = 5(g,M),(/i,7V)(h, iV). 
Let G(CiS) = {J2{g M)&s I \gM) ^ be the set of unit elements on 

where is the multiplicative group of C. G(C5) is a multiplicative right G-module by 
the action {J2{g,M)es \ 9 MYi 9 , M)) ■ a = E(g,M)ecS-^(ff,M)e(a“^5fa, M ■ a) for a E G. Set 
a{a,b) = E(g,M)e5“(9,M)(a,&)e(^,M). Then 

(a(a, b) ■ c)a{ab, c) = a(a, bc)a(b, c) 

holds for all a, 6, c G G. So a : G x G —> U{G.S) is a 2-cocycle. 

Dehne the vector space Aa{G, S) = C[G] 0 CiS with a basis a ® e{g, M) for a G G and 
{g, M) E S and a multiplication on it: 

a ® e{g, M) ■ b ® e(h, N) = a(^h,N){(^-, b)ab ® e{{g, M) ■ b)e{h, N). 

Then M,o(G,5) is an associative algebra with the identity element E(gM )65 ^ ® e{g,M). 
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M as follows: For (^f, M), {h, N) G 


We define an action of AaiG, 5) on = 0^^ m)&s 
S, w E N, a E G we set 

a®e{g,M)-w = 6(g^M),ih,N)(l){a, (g, M))w. 

Note that the actions of 5) and on A4 commute with each other. 

For each {g, M) E S set G(^g^M) = {« G Ccig) \ M ■ a ~ M as ( 7 -twisted Id-modules}. 
Let Oi^g^M) be the orbit of {g^ M) under the action of G and let G = U^^iG(^g^M)9j be a 
right coset decomposition with gi = 1. Then 0(^g^M) = {(s', M) ■ gj \ j = 1,k} and 
G[g^M)-gj = dehne several subspaces of dlQ,(G', 5) by: 

S{g,M) = Span{a<^ e{g, M) \ a E G(g^M)}, 

D{g,M) = Spanja ® e( 5 f, M) j a G G} and 
D{0(g^M)) = Span{a®e( 5 (,M)I j = 1,... ,fc,a G G}. 

Decompose S into a disjoint union of orbits S = Uj^jOj. Let {gj, M^) be a representative 
elements of Oj. Then Oj = {{gj,M^) - a | a G G} and AaiG,S) = D(0(^g.^Mi))- We 

recall the following properties of dlQ,(G, 5). 

Lemma 5 (0, Lemma 3.4) Let {g,M) E S and G = l-i^=iG(^g^M)9j- Then 

(1) S{g,M) is a subalgebra of Aa{G,S) isomorphic fo [G(g,M)] where [G(g,M)] 

is the twisted group algebra with 2-cocycle a^g^M)- 

(2) D{0^g.^ M)) = ®^j=iD{{g, M) ■ gj) is a direct sum of left ideals. 

(3) Each D{0[g^M)) is a two sided ideal of Aa{G,S) and Aa{G,S) = ®j^jD{0(g.^Mi))- 
Moreover, D{0(^g^M)) ho^s the identity element J2{hN)&0(^ m) ^ ® e{h,N). 


Lemma 6 (0, Theorem 3.6) 

(1) M)) is semisimple for all {g,M) E S and the simple D{0(^g^M))-'>^odules are 

precisely egual to = D{g, M) ®s{g,M) ^ where W ranges over the simple 

C®s,M) [G(g^M)] -modules. 

(2) dlo(G,5) is semisimple and simple Aa{G,S)-modules are precisely 
where W ranges over the simple Lf'^^i'^^'’[Gi^g.^M:i)]-wiodules and j E J. 


Let {g,M) E T. Following we dehne weight zero operator om{u) by Mwt(n)-i on 
M for homogeneous u E V and extend om{u) to all u by linearity. For any nonnegative 
rational number n E Z/T, dehne a map from Ac^niV) to © © EndM(m) by 


[g,M)eS m£Z/T 
0<m<n 

o'n(u) = J2(gM)es J^mezjT o(u)m- For a E G and / G End(M), dehne the action of a by 

0<m<n 
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® ^ G End(M ■ a ^). This defines a left action of G on 

© © EndM(m). 

(g,M)e*S meZ/T 

0<m<n 

We prepare the following results in order to show the main result in this section. For 
any (^f, M) G S, we always arrange the grading on M = ©o<gez/r^(j) so that M(0) 7 ^ 0 
if M 7 ^ 0 using a grading shift. 

Lemma 7 Let {g, M), {h, N) G S. Let m G 'L/\g\^n G Z/|h| such that m < n. If 
M{m) 7 ^ 0 and M{m) ~ iV(n) as Ac^niy)-'modules, then {g,M) = {h,N) and m = n. 

Proof. Since M{m) 7 ^ 0 and M{m) ~ N{n) as AG^„(E)-modules, we have g = h from 
Theorem 2. So M{m) ~ N{n) as Ag^„(E)-modules. We have m = n and M = N hy 
Theorem 4.3 in |^. □ 

Lemma 8 The map an is a G-module epimorphism. In particular, 

an{AGAVf) = { 0 0 EndM(m))^. 

{g,M)&S m&IIT 
0<m<n 


Proof. The proof is similar to that of in Lemma 6.12 in [0 because of Lemma 0 . □ 


For (^f, M) G S let M),a(g m) the set of all irreducible characters A of [G(c,_m)]- 

We denote the corresponding simple module by W{g, M)\. Note that M is a semisimple 
[G'(g^M)]-niodule. Let be the sum of simple [G(g^M)]-module of M iso¬ 
morphic to W{g, M)x. Then M = ©asAq m) a Moreover = W{g, M)x ® Mx 

where Mx = Homj.«(j,M)[c.(g M) is the multiplicity of W{g,M)x in M. We 

can realize Mx as a subspace of M in the following way: Let w G W{g,M)x be a fixed 
nonzero vector. Then we can identify Homj,a(g ^^^{W{g, M)x, M) with the subspace 


{/(«>) I / 6 Homc",.,«,[G,„„,,(M'(9. V)A,Af)}, 


of M^. Note that the actions of [G(g_M)] and V^^ 3 ,M) on M commute with each 

other. So M^ and Mx are ordinary E'^^s-^Gmodules. Furthermore, M^ and Mx are 
ordinary F'^-modules. It is shown by Theorem 3.9 in |]^ that Mx is a nonzero irreducible 
i/G(3,M).module for any A G 

Let S = Lij^jOj be an orbit decomposition and fix {gj, Mi) G Oj for each j G J. For 
convenience, we set Gj = G^g.^Mj),Aj = and Wj^x = W{gj,M^)x for j G J 

and A G A,. We have a decomposition 


M^ = 0W,-a®M^, 

AeAj 
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as a ( 8 ) module. We also have 

•^= © ® 

j&J,\&Aj 

as a ^q,(G, 5) ® V^'^-module using the same arguments as those in Proposition 6.5 in |^. 

For j E J and A G Aj we set IF^ = lnd^^^^^’^j^^lFj,A- Then IF^ forms a complete list of 
simple AIq,(G, 5)-modules from Lemma Now we have the main result in this section. 

Theorem 2 j4s a AIq,(G, 5) © -module, 

M= 0 IF^' ® Ml 

jeJ,\eAj 

Moreover 

(1) Each Ml is a nonzero irreducible -module. 

(2) Ml and M^ are isomorphic -module if and only if ji = j 2 and Ai = A 2 . 

In particular, all irreducible g-twisted V-modules are completely irreducible -modules. 
Proof. The proof is similar to that of Theorem 6.13 in [|^ because of Lemma 


4 Appendix 


In this appendix we prove the matrix ^3 in (|2.7| ) is non-singular, 
integers and Xi,X 2 ,... ,Xt indeterminants. Set a. bt x bt-matrix 


Let a, b, t positive 


A = 


h) 

LA 

() .. 

Va+l/ 

hi) .. 

\a+2j 

( ) 
\aH-6—1/ 

\a+bJ 

(?) ■ ■ • 

(„?i) ■ ■ • 

Va+fe—1/ 

\a+bJ 

( ) 
\a-\-b—l/ 

\a-\-b) 

XI \ 

a+bt—l) 

( ) . . 

KahbtJ 

. ( ) 
Va+6i+6—2/ 

LAP ■■■ 

( """ ) ■ ■ 
\a-\-bt-\-b—2/ 

( 

\a+bt+b—2. 


It is proved from the following result that the matrix is non-singular. 


Proposition 9 Let 

t /b-l a-1 b-1 

H{xi,...,xt) = 

i=l \j=l j=0 j=l 

b-l 

X n n 


l<i<j<t k=—b+l 


Then 


detA = (—1) 


bt(bt-l)/2 


H{xi,... ,xt) 


H{a -\- tb — l,a -\- (t — 1)6 — 1,... , a + 6 — 1) 
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Proof. Since (J) = x{x - 1) ■ ■ ■ {x - j + “ jY - a + 1 - jT ^ is a 

factor of det A for any 1 < z < f. For any 1 < z < f and 0 < fc < 6 — 1, set a x fo-matrix 
B{i, k) by 


B{i,k) = 

C) 

Ca) 

fxi+n 
\ a+l / 
Za:i+1\ 

V a+2 ) 

/Xi^k\ 

\ a+fc / 

/ Xi+k \ 
\ci-(-/c-[-l/ 

/ Xi+k \ 

\a+fc+l/ 

/ Xi-\-k \ 

\a-|-fc-|-2/ 

/ Xi+k \ 

Va-|-6—1/ 

/Xi+k\ 

\ a+b ) 


. L+u-,) 

\a+bt) 

/ Xi^k \ 

\a-\-bt—l-\-k) 

/ Xi-\-k \ 

\a-\-bt-\-k) 

/ Xi+k 

\a+bt+b—2 


For any 1 <k < 6—1, det A is equal to that of the 6tx6t-niatrix [-8(1, k) -8(2, k) ■ ■ ■ B(t, k)] 
because (*) + = (j+i) • So (x* + kf~'^ is a factor of det A for any 1 < z < f and 

1 < A; < 6 — 1. Fix any 1 < z < j < f and 0 < A; < 6 — 1. Then det A is equal to that of 
the bt X 6A-matrix 

[5(1,0) ■■■ 5(z,0) ■■■ B{j,k) ■■■ B{t,0)] 

by the same reason as above. Comparing the (A(z — 1) +p)-th column and the (t{j — 1) +p)- 
th column for all A; + 1 < p < 6, we have (x* — Xj — k)^~^ is a factor of det A. We also have 
that (xj — Xj + is a factor of det A by applying the same argument to the matrix 


[5(1,0) 5(z,A;) 5(j,0) 5(A,0)]. 


So there is a(a, h) G C[xi,... , x*] such that 

det A = a{a,b)H{xi,... ,Xn) (4.1) 

We have a{a,b) G C since the degrees of both sides in formula (|4.1|) are equal to (a — 
l)bt + b‘^t{t + l)/2. Substituting (a + A6 — 1, a+ (A —1)6 — 1,... , a + 6 — 1) for (xi, X 2 ,... , Xj) 
in A, we have an anti-diagonal matrix with all anti-diagonal elements 1. Hence a {a, 6) = 
(—l)“{“-^)/^/5(a -I- A6 — 1, a -b (A — 1)6 — 1,... , a -I- 6 — 1). □ 
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